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Abstract. The existence of a one-parameter family of periodic solutions representing longitudinal travel- 
ling waves is established for a one-dimensional l ttice of identical particles with nearest-neighbour inter- 
action. The potential isnot given in closed form but is specified by only a few global properties. The lattice is 
either infinite or consists of N particles on a circle with fixed circumference. Waves with low energy are 
sinusoidal and their properties are studied using bifurcation methods. Waves of high energy, however, are 
of solitary type, i.e. the excitation is strongly localized. 
1. Introduction 
Consider an infinite one-dimensional  lattice of identical particles with unit mass that 
interact through a potent ial  I} = ~,  17(r - r _ 1), where r is the coordinate of the 
nth particle. This paper  is concerned with the existence and with some propert ies 
of a part icular  type of periodic mot ion 
r (t) =nd o + r(cot - nk), (1.1) 
where d o is a constant and r is a function with per iod 2re and zero average. This form 
represents a travell ing wave; k is the wave number,  co the corresponding angular  
frequency and nd o is the equi l ibr ium posit ion of the nth particle (cf. property  (1.2.i) 
of the potential  below). If k = 27z/N, N being an integer, the solution (1.1) can be 
intepreted as a wave in a system consisting of N particles on a circle with fixed cir- 
cumference Nd o. 
Let 17 be expressed in terms of a function V(x), V(r - r _  1) = V(r - r _  1 - do), 
which has the propert ies:  
(i) V(x) has only one extremum, which is a min imum at x = 0, 
(ii) V(x) is (at least) once cont inuously differentiable and V'(x) = 0 if and only 
if x = 0. (1.2) 
These two propert ies appear to be sufficient for the existence of a family of solutions 
of type (1.1), with - loosely speaking - the wave energy as the parameter.  In a well- 
known case satisfying the above properties, the exponential  potential  V(x)= 
=/3-1e-PX+ x (Toda, 1975), there are exact solutions known of this type. This 
Toda  system, however, is integrable. The aim of the present paper is to tackle the 
problem for a general, i.e. non-integrable,  system. 
* Paper presented at the 1981 Oberwolfach Conference on Mathematical Methods in Celestial Mechanics. 
** Dedicated to Professor Szebehely, for his stimulating enthusiasm. 
Celestial Mechanics 28 (1982) 119 131. 0008-8714/82/0281-0119 $01.95. 
Copyright ~ 1982 by D. Reidel Publishing Co., Dordrecht, Holland, and Boston, U.S.A. 
120 T.P. VALKER1NG 
I 
I I1 
I 
I 
I 
I 
I 
I 
-do  } 
I 
I 
I 
I 
I 
IV(x) 
Fig. 1. Typical interaction potential. 
The existence question being answered affirmatively, two more assumptions have 
to be made in order to establish some properties of the solutions. 
(i) V(x) is at least three times continuously differentiable, 
(ii) V(x) has an asymptote at x = -d  o and the singularity is nonintegrable, 
i.e. the integral S-do V(x)dx does not converge. (1.3) 
A typical example of such a potential (cf. Figure 1) occurs if the force between two 
particles consists of an attracting and a repelling force, the latter being the stronger 
for short distances, e.g. 
a b 
V(x) t-c, a>O,b>O,m>n. (1.4) 
(x + do)" (x + do)" 
As above, however, the present results depend only on the global properties mentioned 
above, and not on a particular analytic expression for the potential. The family of 
solutions of type (1,1) will be shown (for low energy) to bifurcate from the equilibrium 
state and on the basis of (1.3.i) standard bifurcation methods will be used to establish 
continuity and differentiability with respect to the parameter. Property (1.3.ii) 
enables one to formulate some results in the case of high energy. 
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2. Existence 
In this section an outline will be given of the existence proof with emphasis on the 
most important assumptions. For details we refer to Valkering (1978). The proof 
is based on critical point theory (cf. Berger, 1977). 
Substitution of (1.1) into the Euler-Lagrange quations of the lattice 
i: (t) = V'(r,,+ 1 - rn - do) - V'(r - r 1 - do) (2.1) 
yields, with 0 = cot - nk, 
coZr'(0) = A V'(Ar'(O) ) + C(r'), (2.2) 
where C(r') is a constant and A denotes the linear transformation defined by 
O+k/2  
i *  
Ag(O)= - .j g(O')dO'. (2.3) 
0 - k /2  
Differentiation of (2.2) with respect o 0 and substitution of 0 = cot - nk leads back 
to (2.1). Equation (2.2) can be interpreted as an isoperimetric problem in a Hilbert 
space as will he shown now. 
First define a real Hilbert space H 
. = + s,o, = s, o, ;s ,o,  do = o } 
with inner product 
( f ,g )  = ~ f(O)9(O )dO. (2.5) 
--tr 
The linear transformation A maps H into itself. Those properties of A that are used 
in this paper are listed below. The proofs are elementary and not given here (cf. 
Valkering, 1978). 
(i) A is selfadjoint and completely continuous, 
(ii) As (0) is a continuous function of 0, 
(iii) suP0 [ As(O)[ <~ Ro  l(k) [I s I[, Ro  2(k) = k(27z - k), 
(iv) the equality in (iii) holds if and only if s = C~so(O), s = ~so(O + re), where c~ 
is a constant and so(O ) is given by (2.6) 
so(O ) = 1/k, 0 <~ 0 < k /2  
= - 1/(2~ - k), k /2  < 0 -%< ~. (2.7) 
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Fig. 2. The functions o(O ) and Aso(O ) for k = ~n, 
The function As  is then easily evaluated and one finds 
Aso(O ) = k/(2rc - k), k <<. 0 <~ rt, 
= - 1 + 02rc/(k(2rt - k)), 0 ~ 0 ~< k. (2.8) 
Next define the functional 3v on H 
+It  
"V(s) = ~ V(As(O))  dO, (2.9) 
the domain of definition of which is discussed below. One verifies (cf. Vainberg, 
1964; Berger, 1977) 
grad ~/-(s) = A V ' (As )  - V (as (O) )dO . (2.10) 
With the definition of a second functional 
~/" = (s, s ) /2 ,  grad W = s (2.11) 
it is clear that (2.2) has the form 
co2gradW = grad ~//-, s = r', (2.t2) 
which is an isoperimetric problem. 
Before we formulate a theorem concerning the existence of solutions of (2.12), 
we have to consider the domain of definition of ~/~. One readily sees that the integral 
in (2.9) exists if 
As(O) > - d o. (2.t3) 
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Assuming do to be equal to unity it is clear from the assumptions (1.3.ii) for V(x) and 
and the properties (2.6., ii-iv) of A that ~/'(s) is defined on a set given by 
Ilsll < R0 and 
H s 11 = Ro but s(O) -if: so(O), s(O) ~ so(O + n). (2.14) 
Note that H So i[ = Ro- Obviously ~/F is defined on all of H if V(x) has no asymptote 
and is defined for any real value ofx. The basic result of this section is now formulated 
in 
THEOREM 2.1. 
(i) For any R, 0 < R < R o , Equation (2.12) has (at least) two solutions, {O32(R) ;g(R; 0)} 
and {O32(R);s(R;O q- 7z)} with II g(R ;0)II = II w + 7t)II = R. 
(ii) The value of ~ at g satisfies the inequalities 
r ~< ~e~(~(R)), II s I[ = R, (2.15a) 
r < r tl s II < R. (2.15b) 
Proof. These results follow from critical point theory (cf. Berger, 1977, in parti- 
cular Theorem 6.3.7). The conditions to apply this theory are easy consequences 
of the properties (1.2). A detailed proof is given by Valkering (1978). Further, because 
grad JV" and grad ~ do not depend explicitly on 0, each solution {o32 ;g(0) } gene- 
rates a solution {o32 ;g(0 + 0o) }. Here we are interested only in the case 0 o = re, 
which guarantees that g(0 + Oo)~H. Q.E.D. 
Remark 1. If V(x) is defined on the whole real axis, the theorem remains valid but 
there is no upper bound for R. 
Remark 2. The above solution is not unique as will be explained in Section 5. 
To conclude this section we study the quantity ~(g(R)). It holds 
THEOREM 2.2. 
~e(g(R)) is an increasing continuous function of R and 
~'(g(R))~ oo if R~R o. (2.16) 
Proof. The first property is a consequence of (2.15). To prove continuity note 
that ~/-(s) is a continuous functional which is a consequence of the continuity of 
V(x) and of property (2.6. iii) of A. Because of(2.15) we have for any R 1 the inequalities 
(~ > O) 
0 ~< ~/r(g(R)) - f/'(g((1 - e)R)) ~< ~//~(w - f/~((1 - e)~(R)), (2.17) 
the r.h.s, of which goes to zero if e --} 0 because of the continuity of f/~(s). Consequently 
r -e)R))--} r if e ~0,  which has to be proved. Note in this connection 
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that neither o52(R) nor ~(R) needs to be continuous. Finally we have, again because 
of (2.15) 
~(~(R)) ~> r o 1S0) (2.18) 
which proves (iii) with the non-integrability condition in (1.3.ii). Q.E.D. 
Because of this theorem ~(~(R)) is a good parameter to characterize the solution. 
Moreover, its physical meaning is more clear than that of R. The solution of (2.1) 
corresponding with g satisfies 
~(t) - ~_  l(t) = Aw - nk + 89 + d o, (2.19) 
which follows with s(O) = r'(O) and the definition of A (cf. (2.2) and following). Then, 
however, ~(g(R) ) jus t  equals the quantity 
+~/~o 
/ *  
V( f ( t )  - f,_ l(t)) dt, (2.20) 
2rr 
- -  ~ / r  
which is the time average (over one period) of the potential energy in the 'spring' 
between the nth and the (n - 1)th particle. Consequently the family of solutions 
given in Theorem (2.1) covers continuously the complete range (from V(0) to infinity) 
of potential energies. 
3. The Solution with Low Energy 
In this section standard bifurcation methods are used to establish differentiability 
and continuity of the solutions {o32(R), g(R) } with respect o R for small values of R. 
The first terms in the Taylor series are given. 
With property (2.6.iii) of A and with the Taylor expansion 
V(x) = ~b2 x2 + O(x3), b 2 = V'(0), (3.1) 
the analogous relation for ~ can be found 
~(s)  = 89 As) + O( II s II 3). (3.2) 
From this expression one may expect hat for small l] s II, the solutions of (2.12) are 
close to those of the analogous problem for the first term in the r.h.s, of (3.2) 
co2s = grad l (b2As , As) = b2A2s. (3.3) 
The solutions of this linear problem are (verify with (2.3)) 
co 2 = b203 {, s = R~b i (3.4) 
where 
cb { = 4 sin2 ik /2,  q5 i =x//2 cos iO. (3.5) 
l -  
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Note that (3.3) is the equation for a lattice with a harmonic interaction potential 
V(X) 1 2 ^ =-~b x. Writing co2=k2y-2s in2y,  y=ik /2 ,  one verifies easily using the 
graph of y-  2 sin 2 y that 
o32 > a32 , i ~> 2, (3.6) 
^2 is non-degenerate. which means in particular that the largest eigenvalue of A z, co 1 ,
The solution with i = 1 realizes the maximum of the functional b2(As, As) on the 
sphere with radius R as is well-known, and so we expect that the solution given 
in Theorem 2.1 approaches {092= b2&l z, Rq~ 1 } if R goes to zero. In fact we have 
THEOREM 3.1. 
The solutions given in Theorem 2.1 satisfy 
/'2 (t~2(R) = b2o) 1 + O(R), (3.7a) 
g(R ; O) = R 4I(O) + O(R2). (3.7b) 
Proof. With (3.2) one finds 
~(Rr  ) = -~h2 v ~,^~ 2,,2 + O(R3), 
~U(g(R)) = 89 ), Ag(R)) + O(R3), (3.8) 
and subtracting 
, ^2 2 7{bzOg~R - bz(Ag(R), Ag(R))} = - {~(g(R)) - ~K(Rq51) } + O(R3). (3.9) 
Because of(2.15) we have 
~e(g(R)) - ~V'(Rq~) >t 0 (3.10) 
and analogously for the solution R~b 1 of (3.3) 
b2R2d9 2 - b2(Ag(R), Ag(R)) >10. (3.11) 
The set { qSi] i = 1, 2, -.. } is an orthonormal basis in H and so 
g(R) = ~ ai(R)dP i, ~ ~(R)= R 2 . (3.12) 
i=1 i=1 
Combination of the results (3.9 11) above shows that there is a positive constant 
M such that 
0 <~ beCb21 R2 - b 2 ~ a2(R)cb2 <~ MR 3, (3.13) 
i=1 
which yields after elimination of a~ with (3.12) and with b 2 > 0 
~, ~2{(~2 ~)2) ~ MR 3 (3.14) 0~< i~ I -  
i=2 
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^ 2 _ cb2 > 0 the final result is Because o)1
2 = R 2 + O(R  3) (3 .15)  ~2 = O(R3), i=2 ,3  .. . . .  ~1 
from which (3.7b) follows. Substitution of this expression i to (2.12) then yields (3.7a), 
making use of (3.2). Q.E.D. 
This theorem states that the solution {o~2(R)  ; g(R) } bifurcates from the trivial solution 
{o)2~;s  0} at (.02 ^2 = = t ;O lb  2 .  Consequently bifurcation methods can be used to 
obtain stronger esults for the solutions for small R, in particular concerning con- 
tinuity and differentiability with respect o R. 
According to general theory, bifurcation of the trivial solution is possible (cf. 
Temme, 1976, Ch. VII, Th. 1.1) if and only if the linear operator (.0 2 - -  grad' ~U(0) 
has no bounded inverse. It holds grad' ~(0) = b2 A2 and as a result bifurcation may 
occur only if 0) 2 equals one of the eigenvalues ofb2 A2, bzf .O 2 . Because  of Theorem 3.1 
we are interested in bifurcation at o) 2 - ^ 2 -  bzo)  1 . The multiplicity of this eigenvahie 
being unity (cf. (3.6)), the analysis of the bifurcation is rather simple and the following 
result holds. 
THEOREM 3.2. 
(i) There is an e o > 0 and a unique solution {o)2(e);s(e) },O <<.e <~e o, that is con- 
tinuous with respect o e and that satisfies 
S(8) ~- 8(~1 -[- ~9(8), /) -[- (])1 and II IL - -  o (E2)  , 
co2(e) = b2& ~ + O(e). (3.16) 
(ii) I f  V(x) is (k + 1) times continuously differentiable, k >>- 2, then o)2(e) and s(e) 
are k times continuously differentiable with respect o ~. 
(iii) The solutions atisfy 
r s (e ;O)=s( -e ;O+r  O. (3.17) 
Proof. With property (1.3.i) of V(x), i.e. V(x) is three times continuously differenti- 
able, one derives (see also (2.6)), that grad Y/" is twice continuously differentiable 
and (i) follows with Berger (1977, Section 4.1C). The order relations (3.16) follow 
with Berger (1977, Section 4.1 D), after showing that there exists a positive constant 
M such that 
]]{grad ~(s) - grad ~(0)s } - {grad ~U(s') - grad W(0)s' } 11 ~< M{ U s 11 + 
+ IIs' l[}lls-s']l ,  (3.18) 
which can be proved with the aid of Taylor's theorem. In order to prove part (ii) 
note that gradW is k times continuously differentiable if V(x) is k + 1 times con- 
tinuously differentiable. The result (ii) is then a consequence of the existence proof 
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in (i) that makes use of the implicit function theorem. A detailed proof is given by 
Temme (1976, Ch. VII, Section 3) where also proofs for (i) are given. Part (iii) is a 
consequence of the uniqueness mentioned in (i). If {co2(e) ; s(e ; 0)} is a solution then 
obviously {&2= (.02 ;8 (0 )= s(O-'[-7~)} is also a solution. Writing this solution as a 
function of~ = (g, ~bl), one finds with g = (s(O + n), c~1) = - e 
&2(~) = 602( __ ~), S(~ ;0) = S( -- ~ ; 0 + r 0. (3.19) 
Equation (3.17) then follows from the uniqueness of the solution {co2(e), s(e)}. 
Q.E.D. 
The solutions {~2(R);g(R)} and {~02(e);s(e)} both bifurcate from the trivial solution 
s = 0 at 092 = b2o32. The uniqueness result of Theorem 3.2.(i) then implies that one 
must be able to identify them. 
THEOREM 3.3. There exists a k times continuously differentiable function g(R) 
with the properties 
g(R) = - ~( - R), g(R) = R + O(R 3) (3.20) 
that relates the solutions of Theorem 2.1 with those of Theorem 3.2 as follows 
chZ(n) = co2(g(n)), 
g(R, O) = s(g(R) ; 0), g(n ; 0 + ~) = s( - g(R); 0). (3.21) 
Proof. Define the function 
/~(e) = ex/1 + 2 -2  It /)(2)II 2 , (3.22) 
v(e) being given in (3.16). As a consequence of Theorem (3.2),/~(e) is k times con- 
tinuously differentiable with respect o e and /~(e)=- /~( -e ) .  One verifies that 
d/(de)/~(e)~= o equals unity and the implicit function theorem (cf. Dieudonn~, 1969, 
Ch. X.2) guarantees the existence of a k times continuously differentiable inverse 
function g(R), defined in some neighbourhood of R = 0. The properties (3.20) then 
follow trivially. With (3.16) and (3.22) one finds I1 s(g(R);O)t1 = I[ s(g(R); 0 + n)11 -- R 
and because of the uniqueness (3.21) follows. 
This theorem justifies the calculation of the Taylor expansions around R = 0 of 
(~2(R) and g(R ; 0), which are of the form 
Co2(R) = b2cb~ z {1 + yR 2 + ..., 
g(R) = R~b x + R2o-2 + R3o-3 + .... (3.23) 
To find the quantities 7, o2,o3, "'" these expressions are substituted into (2.12). 
After lengthy but straight forward calculations, one finds, comparing coefficients 
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of equal order 
^2 b41 I 2Udb3V b,: v.,(0). 
~'=4 ~L\~)  ~,~--~- % ' 
1 b 3 chad) 2 
~ : t~22q~2, ~22 ~2 
bz ^2 ^2'  (D 1 I 09 2 
0"3 : ]~31~)1 "[- /~33~3 ' ]~31 : --  2-/~22'1 2 
^2 b4 l 
The calculations are 
and g(R; 0) = g( - R; 0 + rt) which imply respectively 
(q~, a~) = 0, 2(4,~, ~)  + (o~, %) = 0, 
(a 2 , q52i_ ~) = (a 3 , q521 ) = 0, i = 1, 2, .... 
(3.24) 
somewhat simplified if one makes use of (g(R), g(R))= R 2 
(3.25) 
4. The Solution with High Energy 
According to Theorem 2,1 the solution of Equation (2.12) represents a max imum 
of Y" on a surface of constant Y ,  i.e. on a sphere S R with radius R around the origin. 
Now note that on the sphere with radius R o ~ is bounded everywhere, apart  from 
the points so(O ) and so(O + r 0 where 4//" is singular (cf. (2.14)), in particular ~//'(s)--+ oe 
if s --+ s o along the trajectory s = as o , a ~ 1. Then one might expect that if R is close 
to R o ~ attains its max imum on S R at a point close to s o (cf. Figure 3). More precisely 
it holds 
THEOREM 4.1. For any e > 0 there is a ~ > 0 such that 
][g(R)-so] [ <eRo,sup[Ag-  Asol <e, if R o -  R <6R o. 
0 
Furthermore there is an M > 0 independent of  e such that 
(.o-2(R) ~ M/V(  -- 1 + e), if R o - R < fiR o. 
Proof. Cf. Valkering (1978, Section 6). Note that d o equals unity. 
(4. la) 
(4.1b) 
Q.E.D. 
If we define g(Ro) = s o and (b-2(Ro) = 0 then this theorem states that at Row ) is 
continuous in L2-norm, that Ag(R) is continuous in supremum norm and that aS-2 is 
continuous. Because of the fact however that ~(s )  is singular at s o it is difficult to 
extend the above results to continuity in a neighbourhood of R o, analogous to the 
results of Section 3 for a neighbourhood of R = 0. 
In order to interprete this high energy limit note that the velocity of the nth particle 
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Fig. 3. Two-dimensional representation f the Hilbert space H. 
n-1  n n+ 
)_ 
| 
1 
n+2 
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n-2  n -1  n n+l  n+2 
Fig. 4. Coordinate-time diagram of a wave 
in a hard sphere chain with velocities ~(t) pro- 
portional to So(e)t - nk).  
Fig. 5. Schematic representation f a wave in a 
hard sphere chain. The arrows denote the 
velocities of the corresponding particles. 
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is given by 
~,(t) = oos(ogt - nk).  (4.2) 
Replacing s here and in (2.19) by s o one readily sees that this limiting case represents 
a wave in a hard sphere lattice as is illustrated in Figures 4 and 5. Note in this con- 
nection that we are dealing with a periodic wave in an infinite lattice with wave- 
number k and wavelength 2 = 2n/k .  If k = 2n/N,  N being a positive integer, the 
quantity r (~t  - nk) in (1.1) is periodic in n with period N and consequently it is also a 
solution for a closed circular chain with N particles. If (R 0 - R) /R  o is sufficiently 
small (R :~ Ro) the solution represents either an infinite set of equidistant localized 
compressions that run through the infinite lattice with high velocity or one local 
compression going around the N-particle chain. 
5. Concluding Remarks 
We have seen that for low values of R the wave is sinusoidal. Note that its phase 
velocity, being given by k-  loS(R), may increase or decrease as R increases according 
to the sign of ? (cf. (3.23)). In the other limiting case, R ~ R o we have a strongly 
localized compression wave. It is an open question, however, what the wave looks 
like for intermediate values of R. It is not even known if &Z(R) and g(R) are continuous 
as a function of R, let alone in which way the sinusoidal wave transforms into the 
peaked form if R increases. One may hope that some results may be obtained for 
the types of potential functions V(x)  we are dealing with, possibly with some additional 
restrictions. 
Finally we consider the uniqueness of the solution. ~/f having a global maximum 
on the sphere S R at w (cf. (2.15a)), one expects the existence of other stationary 
points of ~ ,  not representing lobal maxima. Indeed Ljusternik-Schnirelman 
critical point theory can be applied to guarantee the existence of an infinite set of  
solutions (cf. Berger, Theorem 6.6.11). Such a set can be constructed on the basis 
of Theorem 2.1 as will be explained now. Consider some basic wave number k 0 
and solve (2.12) for each wave number k = ik o, i = 1, 2, -.., according to Theorem 
2.1. As a result one finds a set of travelling waves in the lattice with wave numbers 
ik o. Such a wave, however, can be written in the form (1.1) with k = k 0, but r having 
a smaller period 2n/ i .  Consequently it must be possible to construct an infinite 
set of solutions of (2.12) with k = k 0 on the basis of the Theorem 2.1 solutions of 
(2.12) with k = ik o. This appears to be possible, and some calculations how that 
if &2(R ; k) and g(R, k ; 0) denote the solution of (2.12) for general values of k, an 
infinite set of solution of (2.12) for k = k 0 is given by 
Co~(R ; ko) = i -  2&2(i - 1R ; iko),  
w k o ; O) = ig(i- 1R, ik o ; iO), i = 1, 2 . . . . .  (5.1) 
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This result is verified easily if the interaction force is linear, i.e. if V(x)= 2b2xl 2. 
In that case the above set describes all solutions of (2.12) with k = k o. It remains 
an open question, however, if this holds true in the case of the present non-linear 
potential. 
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